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Abstract: Modern hybrid electric vehicles (HEVs) like the fourth generation of Toyota Prius incor-
porate multiple planetary gears (PG) to interconnect various power components. Previous studies 
reported that increasing the number of planetary gears from one to two reduces energy consumption. 
However, these studies did not compare one PG and two PGs topologies at their optimal operation. 
Moreover, the size of the powertrain components are not the same and hence the source of reduction 
in energy consumption is not clear. This paper investigates the effect of the number of planetary 
gears on energy consumption under optimal operation of the powertrain components. The power-
trains with one and two PGs are considered and an optimal simultaneous torque distribution and 
mode selection strategy is proposed. The proposed energy management strategy (EMS) optimally 
distributes torque demands amongst the power components whilst also controlling clutches (i.e., 
mode selection). Results show that increasing from one to two PGs reduces energy consumption 
by 4%. 
Keywords: hybrid electric vehicles; transmission; AMPL; optimal control; mode dynamics; planetary 
gear box 
1. Introduction 
Fuel economy improvement is a vital research topic in the automotive industry because 
of environmental concerns and limited crude oil supplies. According to the vehicle licensing 
statistics report [1] from the Department of Transport UK, the registered number of Hybrid 
Electric Vehicles (HEV) in 2020 was 108% higher than that in 2019. Meanwhile, the sale 
of petrol and diesel vehicles decreased by 8% and 31%, respectively. A hybrid powertrain 
shows 17% less energy consumption compared to a fully electric and 22% less energy 
consumption compared to a conventional gasoline powertrain when simulated in a real 
traffc drive scenario [2,3]. Hybrid electric powertrains with two motors are becoming 
more popular due to the lower cost of both the electric machines and the drive electronics. 
Prominent examples are Toyota’s Hybrid Synergy Drive (HSD) [4], Honda’s Intelligent 
Multi-Mode Drive (iMMD) [5] and General Motors’ Voltec-2 [6]. 
A key factor in reducing fuel consumption in a hybrid powertrain is its topology, 
which refers to how the powertrain’s components (i.e., engine, motors and output) are 
connected with the nodes of the planetary gears (PG). Liu et al. [7] presented an exhaustive 
search method to analyse all possible topologies for hybrid powertrains with multiple 
PGs. A 2-PG powertrain has more clutches than a 1-PG powertrain, achieving multimode 
operation by engaging or disengaging clutches. While Toyota Prius operates in one mode 
only, Zhang et al. [8] introduced four modes of operation using three clutches. Results 
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show that this reduces fuel consumption from 115.3 g to 96.2 g. In turn, 2-PG-HEV designs 
incorporated by Toyota Prius and Chevrolet Volt are claimed to provide improved fuel 
economy compared to their 1-PG counterparts [6,9] for the Federal Urban Drive Cycle 
(FUDS). In both cases, increasing the number of clutches increases the number of modes. 
Studies show that optimal mode selection reduces fuel consumption in HEVs [5,10–12]. 
Up to 12 different topologies are possible in a 1-PG powertrain. By incorporating six 
clutches, eight modes per topology can be realised. However, 1152 topologies with two 
modes each are possible for 2-PG powertrains by using only two clutches. Evidently, there 
is a need for a systematic screening and analysis of modes to identify optimal topology to 
minimise fuel consumption. The latter is controlled not only by the mode selection but also 
by the Energy Management Strategy (EMS). 
Literature shows that engine and equivalent fuel consumption can be reduced by 
optimising the EMS. There are different types of energy management strategies used in 
HEVs, such as rule-based [13,14], instantaneous optimisation-based [15–19], learning-based 
EMS [20] and predictive EMS [21,22]. A gap in these strategies is that they do not incorpo-
rate mode selection because it leads to a challenging mixed-integer nonlinear optimisation 
problem. Moreover, these strategies have sequential mode selection and torque distribution, 
which does not guarantee optimal torque distribution among powertrain components. To 
address these issues, we propose a simultaneous torque distribution and mode selection 
strategy. The proposed strategy is classifed under instantaneous optimisation-based EMS. 
Every energy management strategy reported in the literature is optimised for a specifc 
topology with either one or two PGs. In addition, mode selection is not considered in 
conjunction with EMS in any of the previous studies. To compare two different topologies, 
an EMS with simultaneous mode selection is important because torque distribution changes 
with mode. The torque distribution between components caused by mode change affects 
the operation of components. Therefore, for optimal operation of powertrain components 
and comparison between different topologies, EMS considering mode selection is required. 
While the above-mentioned studies investigate the performance of the electrifed 
powertrains with multiple PGs in a fxed topology, the effects of the number of PGs on 
the fuel consumption and battery SoC are not addressed. Furthermore, the electrifed 
powertrains in those investigations have different component sizes depending on whether 
they are within a one- or two-PG architecture. The contributions of this paper are as follows: 
• Comprehensive investigation of the effects of multiple PGs on the performance of the 
electrifed vehicles. It is shown that increasing the number of PGs from one to two 
improves fuel economy by 4%. 
• Development of an optimal EMS for the electrifed powertrains with multiple PGs, to 
distribute torque demands amongst power components, as well as to simultaneously 
select the mode of operation of gearbox. 
• Development of a solver for the resulting mixed-integer EMS using NEOS server. 
The remainder of the paper is organised as follows: The system description is pre-
sented in Section 2; the modes for the drivetrain with one and two PGs are described in 
Section 3, whilst an energy management strategy (EMS) with embedded mode selection is 
proposed in Section 4; simulation results and discussions are provided in Section 5 and 
conclusions are presented in Section 6. 
2. System Description 
The powertrain components used in this study are adapted from ASM hybrid model 
of dSPACE. dSPACE is the simulation software that can perform hardware in loop (HIL) 
and software in loop (SIL) simulations, and it is available in the AVAILab of Coventry 
University. The values of component sizes are tabulated in Table 1. 
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Table 1. Sizes of the powertrain components. 
Component Name Parameters (Maximum Values) 
Internal Combustion Engine (ICE) 50 kW at 4500 rpm, 105 Nm at 2000 rpm 
Motor Generator 2 (MG2) 60 kW, ±200 Nm, ±13,000 rpm 
Motor Generator 1 (MG1) 42 kW, ±200 Nm, ±30,000 rpm 
Battery 27 kWh 
PG1 (R1:S1) 2:6 
PG2 (R1:S1) 2:6 
PG2 (R2:S2) 2:63 
Differential Gear Ratio(DGR) 3.95 
Vehicle Mass (m) 1450 kg 
Tyre Radius (rtyre) 0.33 m 
2.1. Planetary Gearbox 
Planetary gearbox is the main gearbox of the hybrid powertrain and may contain one 
or more planetary gears. A PG consists of the sun gear, the ring gear and the carrier gear 
with several pinions. Lever analogy [23] is used to demonstrate the dynamics of 1-PG 
powertrain, as shown in Figure 1. The angular velocities of sun gear, ring gear and carrier 
gear must satisfy the constraint equation given in Equation (1) [23]. 
ωS + ωR = ωC(R + S) (1) 
Figure 1. Three-dimensional representation of a planetary gearbox with its lever analogy. 
In this work, only 1-PG and 2-PG topologies are considered. The 1-PG topology used 
here has Motor Generator 1 (MG1) connected to the sun gear, Motor Generator 2 (MG2) 
connected to the ring gear and the engine connected to the carrier gear. 
The 1-PG topology with four clutches [8] is shown in Figure 2. Depending on the 
clutch engagements, four modes can be generated, which are described in Table 2. 
Figure 2. Topology of the drivetrain with one planetary gear used in this study. 
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Table 2. Different modes of operation for 1-PG and 2-PG topologies. 
Mode Represented as Mode Classifcation 
1 M1 2EV Mode 
2 M2 Series Mode 
3 M3 Input Split Mode 
4 M4 1EV Mode 
In the 2-PG topology, MG1 is connected to the sun gear of the frst PG (S1), MG2 is 
connected to the sun gear of the second PG (S2) and the engine is connected to the carrier 
gear of the frst PG (C1). The 2-PG topology with fve clutches [8] is shown in Figure 3. All 
four modes generated by engaging and disengaging clutches are similar to those of the 
1-PG topology. 
Figure 3. Topology of the drivetrain with two planetary gears used in this study. 
Four different modes of operation are described in Table 2. Mode 1 (M1) refers to 2EV 
Mode, where both MG1 and MG2 provide the torque requested by the vehicle. Mode 2 (M2) 
refers to series mode, where MG2 provides the torque requested by the vehicle while engine 
and MG1 charge the battery. Mode 3 (M3) refers to input split mode, where MG2 and 
engine provide the torque requested by the vehicle while MG1 acts as a speed controller 
for the engine. Mode 4 (M4) refers to 1EV mode, where only MG2 provides torque. 
2.2. Electric Motors 
Motor Generator 1 (MG1) is the smaller of the two motors in the powertrain with a 
capacity of 42 kW. The maximum speed and maximum torque of MG1 are ±30,000 rpm 
and ±200 Nm, respectively. MG1 is attached to the sun gear in the 1-PG topology (S1) 
and to the sun gear of the frst PG in the 2-PG topology (S1). MG1 not only contributes to 
providing the torque requested in Mode 1 but also acts as a speed controller for the engine 
in Mode 3. The effciency of MG1 is calculated as in Equation (2). 
1 
ηmg1k =  2 (2)Tmg1k Rmg1CTmg11 + Tmg1k ωmg1k 
Motor Generator 2 (MG2) is the motor having a capacity of 60 kW. The maximum 
speed and maximum torque of MG2 are ±15,000 rpm and ±200 Nm, respectively. In 
1-PG topology, both MG2 and the differential are connected to the ring gear (R1). In 2-PG 
topology, MG2 is connected to the sun gear (S2) whilst the differential is connected to the 
ring gear (R2) of the second PG. The effciency of MG2 is calculated as in Equation (3). 
1 
ηmg2k =  2 (3)Tmg2k Rmg2CTmg21 + Tmg2k ωmg2k 
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2.3. Engine 
A gasoline engine with a maximum power of 50 kW and a maximum torque at 
2000 rpm of 105 Nm is used for both topologies. The engine is connected to the carrier gear 
of the frst PG (C1). The fuel fow rate of the engine (qk) is measured in mm3/cycle and 
modelled using a 5-degree polynomial as a function of engine torque and angular velocity 
(see Appendix A). The effciency of engine is calculated as in Equation (4). 
πTekηbthk = (4)ρqkQHHV 
2.4. Battery 
A battery with a capacity of 27 kWh is used to operate both MG1 and MG2 in this 
study. The battery’s state-of-charge (SoC) is calculated as shown in Equation (5). ! 
PbattkSoCk+1 = SoCk − Tk (5)3600 · 27000 
This equation shows that the SoC in the next time-step depends on the SoC in the 
current time-step and on battery power. In turn, the latter is a function of torque, angular 
velocity and effciency of MG1 and MG2. Battery power is given by Equations (6)–(8) 
during motoring and by Equation (9) during regeneration. 
η−1Pbattk = Tmg2k mg2k mg1k M1,k (6)ωmg2k + Tmg1ωmg1η
−1 
η−1Pbattk = Tmg2k ωmg2k + Tmg1ωmg1η
+1 M2,k (7)mg2k mg1k 
η−1 Mi,k, i ∈ {3, 4} (8)Pbattk = Tmg2k ωmg2k mg2k 
Pbattk = Tmg2k ωmg2k η
+1 Mi,k, i ∈ {1, 2, 3, 4} (9)mg2k 
Both MG1 and MG2 are used for motoring in Mode 1 whereas only MG2 is used for 
motoring in Modes 2–4. Regeneration is only performed by MG2. MG1 is also used as 
generator for charging the battery in series mode, which is referred to as Mode 2. 
3. Modes for the Drivetrain with Multiple Planetary Gears 
Modes formulation for 1-PG and 2-PG topologies can be represented by automated 
mode selection process [8]. Using four clutches in 1-PG topology and fve clutches in 2-PG 
topology, four different modes are realised. The torque, angular velocity, inertia and output 
corresponding to each component in every mode are shown in the equations below. 
3.1. Drivetrain with 1PG 
For the drivetrain with 1-PG topology, MG2 connects to the ring gear (R1), MG1 
connects to the sun gear (S1) and the engine connects to the carrier gear (C1). The 1-PG 
topology with four clutches [8] is shown in Figure 2, where four different modes can be 
produced according to the clutch engagements. The governing equations corresponding to 
all modes for the 1-PG topology are as follows: 
1. Mode 1 (2EV Mode) is realised by engaging clutch 1 (CL1) and CL4 whilst disengag-
ing CL2 and CL3. Using automated modelling, the mode dynamics for Mode 1 is as 
shown in Equation (10). ⎡ ⎤ 
mr2 ⎡ ⎤ ⎡ ⎤ tyre 
K2 + Img2 0 −R1 ω̇out Tmg2 − Treq ⎢ ⎥ ⎣ 0 ⎦× ⎣ω̇mg1⎦ = ⎣ Tmg1 ⎦ (10)Img1 −S1 
F1 0−R1 −S1 0 
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2. Mode 2 (Series Mode) is realised by engaging CL1, CL2 and CL3 whilst disengaging 
CL4. The mode dynamics for Mode 2 is as shown in Equations (11) and (12). ⎡⎤⎡ ⎤⎡⎤ 
ω̇eIe 0 R1 + S1 Te ⎣ ⎦× ⎣ ⎦ = ⎣ ⎦ω̇mg10 Img1 −S1 Tmg1 (11) 
R1 + S1 −S1 0 F1 0 
2�mrtyre  
+ Img2 ω̇out = Tmg2 − Treq (12)K2 
3. Mode 3 (Input Split Mode) is realised by engaging CL1 and CL3 whilst disengaging 
CL2 and CL4. The mode dynamics for Mode 3 is as shown in Equation (13). ⎡ ⎡⎤ ⎡⎤ ⎤Ie 0 0 R1 + S1 ω̇e Te2mrtyre ⎢⎢⎢⎣ ⎥⎥⎥⎦ × ⎢⎢⎣ ⎥⎥⎦ = ⎢⎢⎣ ⎥⎥⎦ω̇out Tmg2 − Treq Tmg1 0 + Img2 0 −R1 (13)K2 ω̇mg10 0 Img1 −S1 
F1 0R1 + S1 −R1 −S1 0 
4. Mode 4 (1EV Mode) is realised by engaging CL1 and CL4 whilst disengaging CL2 and 
CL3. In this mode, only MG2 is engaged to the differential via CL1, and therefore a 
simple equation can represent the mode dynamics as shown in Equation (14). 
2�mrtyre 
K2 
3.2. Drivetrain with 2PG 
 
+ Img2 ω̇out = Tmg2 − Treq (14) 
For the drivetrain with 2-PG topology, MG2 connects to the sun gear of the second PG 
(S2), MG1 connects to the sun gear of the frst PG (S1), whilst the engine connects to the 
carrier gear of the second PG (C2). The 2-PG topology with fve clutches [8] is shown in 
Figure 3, where four different modes can be produced according to the clutch engagements 
(similar to the 1-PG topology modes). The governing equations corresponding to all modes 
for the 2-PG topology are as follows: 
1. Mode 1 (2EV Mode) is realised by engaging CL1, CL2, CL4, CL5 whilst disengaging 
CL3. The mode dynamics for Mode 1 is as shown in Equation (15). ⎡ ⎡⎤ ⎡⎤ ⎤ 
ω̇out Iout + IR1 0 0 R1 R2 
0 Img1 0 S1 0 
0 0 Img2 0 S2 














R2 0 S2 0 0 F2 0 
2. Mode 2 (Series Mode) is realised by engaging CL2, CL3 and CL5 whilst disengaging 
CL1 and CL4. The mode dynamics for Mode 2 is as shown in Equations (16) and (17). ⎡⎤⎡ ⎤⎡⎤ 
ω̇eIe 0 R1 + S1 Te ⎣ ⎦× ⎣ ⎦ = ⎣ ⎦ω̇mg10 Img1 S1 Tmg1 (16) 
R1 + S1 S1 0 F1 0 ⎡ ⎡⎤ ⎡⎤ ⎤ 
ω̇out Iout 0 0 R2 
0 Img2 0 S2 
0 0 0 0 
Treq ⎢⎢⎣ ⎥⎥⎦× ⎢⎢⎣ ⎥⎥⎦ = ⎢⎢⎣ ⎥⎥⎦ω̇mg2 Tmg2 0 (17)F1 
R2 S2 0 0 F2 0 
3. Mode 3 (Input Split Mode) is realised by engaging CL1, CL3 and CL5 and disengaging 
CL2 and CL4. The mode dynamics for Mode 3 is as shown in Equation (18). 
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⎡ ⎡⎤ ⎡⎤ ⎤ 
ω̇out Iout + IR1 0 0 0 R1 R2 
0 Ie 0 0 R1 + S1 0 
0 0 Img1 0 S1 0 
0 0 0 Img2 0 S2 















R2 0 0 S2 0 0 F2 0 
4. Mode 4 (1EV Mode) is realised by disengaging and engaging CL2, CL4 & CL5 and 
disengaging CL1 & CL3. The mode dynamics for Mode 4 is as shown in Equation (19). ⎡ ⎡⎤ ⎡⎤ ⎤
Iout 0 0 R2 
0 Img2 0 S2 
0 0 0 0 
ω̇out Treq ⎢⎢⎣ ⎥⎥⎦× ⎢⎢⎣ ⎥⎥⎦ = ⎢⎢⎣ ⎥⎥⎦ω̇mg2 Tmg2 0 (19)F1 
R2 S2 0 0 F2 0 
4. Energy Management Strategy with Mode Selection 
In this study, the performances of drivetrains with 1-PG and 2-PG topologies are 
compared. For a meaningful comparison between topologies, they must be operating at 
their optimal performance. Since modes have an impact on the performance of powertrain 
components, it is crucial that the EMS selects modes and torque distribution simultaneously. 
Therefore, the energy management strategy (EMS) proposed in this work considers both 
mode selection and torque distribution simultaneously. 
Developing an EMS with mode selection is a diffcult optimisation problem because of 
mixed-integer variables and discontinuity in mode selection within a continuous drive cycle. 
In addition, the torque distribution is different for every mode, adding nonconvexity to 
the system. Complementarity is used to formulate mode selection to address discontinuity 
within the modes. 
4.1. EMS Formulation 
The energy management strategy is a multistage problem discretised with a sampling 
time of 1 s for the US06 drive cycle. The objectives of the EMS are to minimise total fuel 
consumption, mode shifting and deviation of battery SoC. The problem is turned into a 
single-objective optimisation problem by means of a convex combination of these objectives. 
The decision variables are the engine torque, MG2 torque, angular velocity of MG1, modes 
and α: u = [Te, Tmg2, ωmg1, M1, M2, M3, M4, α]T . Binary variable α represents the states 
of the motor, with α = 0 during regeneration and α = 1 during motoring. The battery 
SoC is a differential state variable: x = [SoC]. The optimisation problem is formulated so 
that it provides a locally optimal solution for any SoC value used at the start of the cycle. 
The algebraic variables of the problem are MG1 torque, MG2 angular velocity and engine 
angular velocity : z = [Tmg1, ωmg2, ωe]T . 
4.1.1. Objective Function 
As mentioned before, the objective function consists of a convex combination of three 
objectives, as shown in Equation (20). The frst two objectives are total fuel consumption 
(ṁtk ) and a mode shift penalty (ṡk). The third objective is given by a penalty for battery 
SoC deviation between the start and the end of the cycle. The weights for the SoC and 
mode shift penalties in the convex combination are set to small values so that total fuel 
consumption dominates the objective function. 
600 
Ts 
J = ∑ 0.5ṁtk + 0.1ṡk + 0.4(0.8 − SoCk)2 (20) 
k=0 
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qρωekṁicek = (22)120 ⎧ Tmg2k ωmg2k ηbattchar 1 1 
ηmg2k 0.35 QHHV 
M4,kαk⎪⎪⎪⎪ ηbattdischar
Tmg2k ωmg2k ηbattchar 1 1 M3,kαkηmg2k ηbthk QHHV 
⎪⎪⎪⎪⎪⎪⎪ ηbattdischar⎨ Tmg2k ωmg2k ηbattchar 1 1 
ṁeqvk = ηmg2k ηbthk QHHV 
M2,kαk (23)ηbattdischar ! 
Tmg2k ωmg2k Tmg1k ωmg1k ηbattchar 1 1 
ηmg2k 
+ ηmg1k ηbattdischar 0.35 QHHV 
M1,kαk 
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩ 
 1  2  2ṡk = δγ Ie ωek − ωek−1 + Img1 ωmg1k − ωmg1k−1 (24)2
Equation (24) computes the mode shift penalty at every time interval k, where γ is 
a weighting factor fxed to 0.02 [11]. The mode state related factor δ = 0 if the next and 
current modes are the same, whilst δ = 1 otherwise. The mode shift penalty is necessary 
to avoid an excessive number of mode shifts. This is a key term which represents the 
rotational kinetic energy change in the hybrid system. Frequent mode shift also leads to 
mechanical losses due to recurrent engagement and disengagement of clutches. 
4.1.2. Constraints 
The constraints in Equations (25) and (26) show the distribution of torque at every 
mode for 1-PG topology and 2-PG topologies respectively. Constraints in Equation (27) 
show complementarity between modes. The EMS can choose only one mode at any 
time-step (k), which will change the torque distribution between components. 
S1  Treqk  Tmg1k = − Tmg2k αk + M1,k (25a)R1 DGR  Tek  Tmg1k = −S1 M2,k (25b)R1 + S1 R1ωMG1k = ωMG2k M1,kαk (25c)S1 
TreqkTmg2k = Mi,k, i ∈ {2, 4} (25d)DGR  Treqk TekTmg2k = −R1 αk + M3,k (25e)R1 + S1 DGR 
Vvehkωmg2k = DGR Mi,k, i ∈ {1, 2, 3, 4} (25f)rtyre ! 
ωmg1k ωmg2kωek = + M3,kαk (25g)R1 S11 + 1 +S1 R1! 
ωmg1kωek = R1 M2,k (25h)1 + S1 
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S1  R2 Treqk  Tmg1k = − TMG2k αk + M1,k (26a)R1 S2 DGR  Tek  Tmg1k = −S1 M2,k (26b)R1 + S1 S2ωmg1k = S1 ωmg2k M1,kαk (26c) 
Tmg2k = 
S2 Treqk Mi,k, i ∈ {2, 4}R2 DGR 
(26d) 
Tmg2k = 
 S2 Tek Treqk− R1 αk + M3,kR2 R1 + S1 DGR (26e) 
ωmg2k 
 Vvehk R2 = DGR − Mi,k, i ∈ {1, 2, 3, 4}rtyre S2 ! (26f) 
ωek = 
ωmg1k S1 
R1 + S1 
ωmg2k S2 − 
R1 + S1 
M3,kαk (26g) ! 
ωek = 
ωmg1k 
R11 + S1 
M2,k (26h) 
0 <= M4,k ⊥ M1,k >= 0 
0 <= M4,k ⊥ M2,k >= 0 
0 <= M4,k ⊥ M3,k >= 0 
0 <= M3,k ⊥ M1,k >= 0 (27) 
0 <= M2,k ⊥ M3,k >= 0 
0 <= M2,k ⊥ M1,k >= 0 
M1,k + M2,k + M3,k + M4,k = 1 
4.1.3. Optimal Control Problem of the Developed EMS 
The optimal control problems of the developed EMS strategies for the both 1-PG and 
2-PG topologies are represented as Equation (28). The two problems are similar except in 
modelling of the gears. While the 1-PG topology is modelled with Equations (25) and (27), 
the 2-PG topology is modelled using Equations (26) and (27). In both cases, the objec-
tive function is the same and decision variables, differential state variable and algebraic 
variables are constrained by their lower and upper boundaries (boxing constraints). 
600 
Ts 
∗ u = arg min ∑ l(x, u, k)u 
k=0 
s.t. : (25) (or (26)), (27) 
(28)u ≤ u ≤ u 
x ≤ x ≤ x 
z ≤ z ≤ z 
M1, M2, M3, M4, α ∈ {0, 1} 
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5. Simulation Results and Discussion 
A Mathematical Programming Language (AMPL) [24] is used to formulate the EMS 
optimisation problem. AMPL was designed as a mathematical modelling language for 
linear programming but was later extended to integer, mixed-integer linear, mixed-integer 
nonlinear and complementarity problems [25]. There are signifcant advantages of mod-
elling optimisation problems with AMPL thanks to its symbolic representation. This 
includes the possibility of automated analysis of model parts for linearity, convexity, auto-
matic differentiation, extended error checking, and automatic generation of model code for 
lower-level languages [26]. 
Problem (28) is a Mixed Integer Non-Linear Programming (MINLP), which means 
it is also nonconvex. Due to mixed integers and nonconvexity, it becomes diffcult to 
get a locally optimal solution. To address these issues Knitro solver is used for solving 
the optimisation problem. Knitro is a commercially used solver which is developed by 
Richard et al. [27]. It uses Branch and Bound (BB) technique to solve problems with 
discrete variables. Knitro also have inbuilt solvers like Sequential Quadratic Programming 
(SQP), Linear Programming (LP) and Non-Linear Programming (NLP) to solve continuous 
variables. NEOS server [28,29] is used to access Knitro solver for solving the optimisation 
problem. Figure 4 summarises simulation results of the 1-PG and 2-PG topologies over the 
US06 drive cycle in Figure 4a. 
The total fuel consumption of the powertrain with two PGs drops by 4% compared to 
1-PG topology from 604.6 g to 579.8 g, as shown in Figure 4b. The total fuel consumption is 
the sum of the direct fuel consumption by engine and the equivalent fuel consumption by 
electric drivetrains. Equivalently, Figure 4c also shows that the total fuel economy of the 
2-PG topology is 50.28 mpg which is higher than 48.22 mpg of the 1-PG topology. 
The main reason for the lower fuel consumption of the 2-PG topology is that the 
corresponding EMS uses the engine at lower speed than in 1-PG, resulting in a decrease in 
direct fuel consumption as given in Figure 4b. This particularly happens during the time 
intervals of 0–180 s and 500–600 s, when the EMS confgures the powertrain frequently for 
Mode 3 as shown in Figure 4d. During Mode 3, both the MG2 and engine contributes to the 
torque at wheels, and MG1 only restrains the speed of engine within the optimal range to 
reduce bsfc. From Equations (25h) and (26h), it is evident that for 2-PG topology, the speed 
of the engine relates to the difference of speeds of MG1 and MG2, while it is the weighted 
sum of these two speeds for the 1-PG topology. Therefore, and as shown in Figure 4e, EMS 
of the 2-PG topology can choose a high value for the speed of MG1 as a decision variable 
to reduce the speed of engine. EMS of the 1-PG-topology, on the other hand, should reduce 
the speed of MG1 at high vehicle speeds to reduce the speed of engine; however, the latter 
still increases to up to 5000 rpm by high vehicle speed. As a result, the speed and hence 
power of the engine becomes lower in the 2-PG topology at Mode 3 that is applied when 
the torque demand is high. 
The equivalent fuel consumption of 2-PG topology is 535.16 g, which is higher than 
501.29 g of 1PG topology (Figure 4b). The amount of fuel required by engine to generate the 
equivalent electrical energy that motors consume from battery is referred to as equivalent 
fuel consumption. The reason for this increase in equivalent fuel consumption is that MG1 
operates at higher torque and lower speed range in 2-PG topology during Mode 1, as 
shown in Figure 4f. This behaviour is explained by the constraints Equation (25a) and 
Equation (26a), where the torque provided by MG1 in the 2-PG topology is RS2
2 = 2.63 times 
higher than the torque provided by MG1 in the 1-PG topology. 
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Figure 4. Simulation results for (a) US06 drive cycle, (b) Engine, equivalent, and total fuel consumption, (c) Total fuel 
economy, (d) Mode selection as given in Table 2, (e) Operating points of engine, (f) Operating points of MG1, (g) Battery 
state of charge for 1-PG and 2-PG topology, (h) Operating points of MG2. 
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Figure 4d shows that the optimal mode selection strategies, calculated by the EMSs, 
are different for the 1-PG and 2-PG topologies. The EMS of both the topologies selects 
Mode 1 during the time interval of 180 s to 500 s. Mode 1 refers to 2EV mode, where both 
MG1 and MG2 contribute to the torque provided at the wheels of the vehicle. During this 
time interval, torque demand is not high but vehicle speed fuctuates frequently. 
During the time intervals of 0–180 s and 500–600 s of the drive cycle, on the other 
hand, torque demand is high with sharp variation of the vehicle speed. In response, EMSs 
choose Modes 1 as well as 3 and 4. As mentioned, 2-PG topology provides the fexibility of 
using the engine at lower speed that makes EMS more eager to choose the combination 
of Modes 3 and 4 instead of Mode 1. Switching between modes should be minimum 
because turning the engine on and off between Modes 3 and 1 increases fuel consumption. 
Moreover, engaging and disengaging the clutches to produce different modes contributes 
to the mechanical losses. Equation (24) represents the way that the EMSs penalise the 
number of mode shifting. Total number of the mode switch over the US06 drive cycle is 
1.5% less in 2-PG topology compared to 1-PG topology. 
Figure 4g illustrates variation of the state of charge (SoC) of batteries. The fnal SoC 
of batteries are respectively 71.38% and 69.53% for the 1-PG and 2-PG topologies. This 
complies with Figure 4b that illustrates higher utilisation of the electric drivetrain by the 
2-PG rather than 1-PG topology. 
Figure 4h presents the resulting operating points of MG2, which has a signifcant 
impact on the total fuel consumption of the topologies as the main source of power in 
Modes 1, 3 and 4. The main difference between the operation of MG2 in the 1-PG and 
2-PG topologies is in the direction of rotation, as in Figure 4h. Figure 5a,b illustrate this 
fact with more details. Moreover, Figure 5c,d indicate the details of the torques contributed 
by different components. This change of direction of rotation of MG2 makes reduction of 





































Figure 5. Simulation results for (a) Angular velocities of each component at each mode for 1-PG 
topology, (b) Angular velocities of each component at each mode for 2-PG topology, (c) Torque 
distribution at each mode for 1-PG topology, (d) Torque distribution at each mode for 2-PG topology. 
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Table 3 summarises the simulation results of fuel consumption, fnal value of SoC 
and tracking error of torque for the 1-PG and 2-PG topology over US06 driving cycle. As 
explained above and summarised in the table, the 2-PG topology improves the total fuel 
consumption, as well as the torque tracking error, i.e., the difference between the desired 
and supplied torques at wheels. This tracking error is due to the limitations of the state-of-
the-art numerical solvers for the mixed-integer optimal control problems. The simulation 
results show that these limitations induce the majority of tracking errors during Mode 1, 
where the solvers relax the equality constraints (25) and (26). As shown in Figure 4d, the 
1-PG topology operates in Mode 1 more frequently, which introduces more tracking error. 
Table 3. Summary of simulation results of the 1-PG and 2-PG topologies over the US06. 
Description 1-PG Topology Values 
2-PG Topology 
Values 
Total Engine Fuel Consumption 103.3 g 44.9 g 
Total Equivalent Fuel Consumption 501.3 g 535.2 g 
Total Fuel Consumption 604.6 g 579.8 g 
Total Fuel Economy 48.2 mpg 50.3 mpg 
Battery SoC at the end of cycle 71.4% 69.5% 
Torque Tracking error 13.2 Nm 11.4 Nm 
6. Conclusions 
This work proposes a systematic method to understand the effects of multiple plan-
etary gears on the performance and fuel economy of hybrid electric vehicles. A hybrid 
powertrain with two PGs and one with a single PG were modelled over a US06 drive cycle, 
while all remaining powertrain components were maintained the same. The proposed EMS 
is capable of simultaneously selecting modes and distributing torques over a given drive 
cycle for the optimal performance. The resulting MINLP problem is solved using Knitro 
solver. It is important to note that the proposed strategy is applicable to any drive cycle. 
The proposed EMS minimises (i) total fuel consumption calculated adding engine fuel 
consumption and equivalent fuel consumption of the electric machines, (ii) mode shifting 
and (iii) deviation of battery SoC. The EMS considers mode selection and torque demand 
distribution simultaneously amongst the powertrain components. The incorporation of 
mode selection challenged the EMS by adding mixed-integer variables, discontinuity within 
a continuous drive cycle and nonconvexity. Complementarity addressed the discontinuity 
in mode selection and the problem was turned into single-objective optimisation by means 
of a convex combination of the three objectives. A solver was also developed using 
NEOS server. 
Results show that increasing the number of PGs from one to two reduces total fuel 
consumption by 4%. The main reason of the reduction in total fuel consumption of the 
2-PG is the capability to change the direction of rotation of MG2. This ability enabled the 
corresponding optimal EMS to use the engine at more effcient rotational speeds than in 
the case of 1-PG. The fexibility of using the engine at lower speed makes the EMS eager to 
choose the combination of Modes 3 (input split) and 4 (1EV) instead of switching to Mode 1 
(2EV). The reduction in the total number of mode switches (1.5% over the drive cycle) in 
2-PG topology compared to 1-PG topology decreased the mechanical losses associated 
to mode switch. Therefore, the most effciency engine operation, the reduction of mode 
switch and the higher utilisation of the electric drivetrain are the major contributors to the 
reduction in total fuel consumption in 2-PG with respect to 1-PG topology. 
The methodology developed can be extended to any hybrid electric powertrain topolo-
gies/architectures and to any number of planetary gears. It should be noted, however, that 
the added cost of a more complex topology was not considered in this study. 
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Abbreviations 
The following abbreviations are used in this manuscript: 
rtyre Radius of tyre 
mice Engine fuel consumption 
bs f c Brake specifc fuel consumption 
meqv Equivalent fuel consumption 
mt Total fuel consumption 
ωR Angular velocity of ring gear 
ωS Angular velocity of sun gear 
ωC Angular velocity of carrier gear 
ωout Angular velocity of output shaft 
Tmg1 Torque of motor generator 1 
Tmg2 Torque of motor generator 2 
Te Torque of engine 
ηmg1 Effciency of motor generator 1 
ηmg2 Effciency of motor generator 2 
ηbth Brake thermal effciency of engine 
Treq Torque requested by vehicle 
m Mass of vehicle 
Torque constant MG2 CTmg2 
Torque constant MG1 CTmg1 
Rmg2 MG2 Resistance 
Rmg1 MG1 Resistance 
Pbatt Battery power 
Mi Modei 
I∗ Inertia of powertrain components 
ω∗ Angular velocity of powertrain components 
Ri Radius of ring gear of i-PG Topology 
Si Radius of sun gear of i-PG Topology 
Fi Internal force acting between gears of i-PG Topology 
SoC State of charge 
k Time interval (1 s) 
q Fuel fow rate of engine 
ρ Density of gasoline 
QHHV Calorifc value of gasoline 
α Motor states −1 for motoring and 0 for regeneration 
Appendix A. Deriving an Equation for Mass Flow Rate per Cycle of Fuel of Engine 
The mass of fuel from engine is calculated by Equation (22). The variable q used in 
that equation refers to mass fow rate of fuel per cycle. Using dSPACE engine dynamics 
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model, q is derived as 5-degree polynomial equation which is the function of engine torque 
(Te) and engine speed (ωe). The equation of q is as follows: 
q = p00 + p10ωek + p01Tek + p20ω 2 + p11ωek Tek + p02T 2 + p30ω 3e e ek k k 
+ p21ω 2 + p12ωek T 2 + p03T 3 + p40ω 4 + p31ω 3e Tek e e e e Tekk k k k k (A1) 
+ p22ω 2 T 2 + p13ωek T 3 + p04T 4 + p50ω 5 + p41ω 4 Teke e e e e ek k k k k k 
+ p32ω 3 T 2 + p23ω 2 T 3 + p14ωek T 4 + p05ω 5e e e e e ek k k k k k 
p00 = 9.888 × 10−1 
p10 = 3.087 × 10−4 
p02 = 9.858 × 10−3 
p30 = 2.739 × 10−11 
p21 = 1.265 × 10−8 
p12 = 3.348 × 10−7 
p13 = 1.059 × 10−11 
p04 = 1.742 × 10−6 
p50 = 7.724 × 10−19 
p41 = 8.884 × 10−18 
p32 = 4.498 × 10−15 
p23 = 1.147 × 10−13 
p14 = −2.844 × 10−12 
p05 = −5.227 × 10−9 
p01 = −5.154 × 10−2 
p20 = −4.332 × 10−8 
p11 = −5.215 × 10−5 
p03 = −2.006 × 10−4 
p40 = −9.107 × 10−15 
p31 = −9.222 × 10−13 
p22 = −8.382 × 10−11 
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